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in the Seniority Scheme 


Rekurencyjne związki między współczynnikami genealogicznymi 
w schemacie seniority 


PexyppeHTHBIe COOTHONIEHHA MERAY TEHCAJOTMAECKUMM KOJ(PÓDMUHMEHTAMU 
B MOJNEJM CMHŁOPATM 


1.introduction 
In the seniority scheme [i], the states of n identical 
fermions of angular momentum j are classified by the 
irreducible representations of the groups in the chain 
SU(2j + 1) >8p(2j + 1)>0(3) 

and the states defined in this basis may be denoted by 

l n(v)aJM>.Here, v is the seniority, which may be thought of 
as the number of fermions remaining when as many J =0 pairs 
of fermions as possible have been removed from the state. The 
Quantum number x is required only if there is more than one 
state of angular momentum J and seniority v. For n particles 
the seniority is restricted by v= Vmax : Vmax — 26 ««:.,1 or O, 


where Vpax*1+h-li=>kh-nl. 
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An analogous clasgification for bosons can be made 

using the chain 
su(2j + 1)=>90(2j + 1)00(3). 
For bosons. v=n,.n-2, ....,1 or O. 

Coefficients of fractional parentage (cfp) are used in 
both the Nuclear Shell Model [1] and the Interacting Boson 
Model [2] for the calculation of the matrix elements of 
one-body operators.(They may also be used in the calculation 
of two-body operators.) A great advantage of the sentority 
scheme is that each of these coefficients may be written as 
the produet of two factors, one of which is very simple in 
form and contains the entire dependence of the coefficient 
on the particle number n.The residual factor is a cfp 
between states in which the particle number is equal to the 
seniority. ie its minimum possible value. These residual 
factors may be termed “reduced cfp™. For any given number of 
particles the reduced cfp are far fewer in number than the 
general cfp with nżv. Moreover, in view of the simple 
connection between the two sets the greater part of the 
complexity of a many fermion or bason problem resides in the 
reduced cfp. This may be especially well appreciated by 
noting that a method has been developed [3.4] for carrying 
out full Nuclear Shell Model calculations in a configuration 
of both neutrons and protons, which employs only reduced cfp 
for identical nucleons, but works in a basis having gaod 
angular momentum and isospin. 

‘The particle number dependence is discussed in section 
2, using ideas of quasispin [5], which is equivalent to 


seniority. The recursion relation is introduced in section 3 
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4 and 5. 

The reduced matrix elements of single particle 
creation operators are closely related to c#p. Thus the cfp 

CIM Aevy ag dg dest) 1M v)az) 
is equal to 
(-39-1 (n(v)aJ Il ag” II n-1(v;)a134)/ J 
for fermiona, and to 
(n(v)aj II by” Il n-1(%:)2134)/-4% 

for bosons. These reduced matrix elements rather than the 


efp will be used in the remainder of this article. 


2.Quasispin Formalism 
For fermions of semi-integer angular momentum j we 


definea the quasiapin operators by 


Q. =% } (-)1-Bazn'aj-m : Q- =Q” 
m 
Qo =% $ ajm 83m -4(23 + 1) (1) 
m 


where ajm is the creation operator for a fermion in the 
substate m, and m takes the values j,j-1.....-j.These 
operators are scalars, ie they commute with the angular 
momentum operators of the system.Their commutation relations 
with each other are exactly those of the analogous angular 
momentum operators viz. 

[2-.0.] = 2Q9 [aoa] = tQ,. 
It followa that Q..Q_ and Qo are the generators of an SU(2) 
group, the quasispin group.The irreducible representations 


of this group. charactarised by the quasispin q, span 


132 T. Evans 
the number of J =0 pairs which they contain. This ia because 
the "ladder" operators, Q, and Q. of the 4924.57 create 
and annihilate respectively pairs of fermions with J = 0. The 
atate lq.mq> contains Q+mg pairs, where 
Img! = q,9-1,-2,....%4 Or O.The total number, n, of fermiona 
in the system is therefore given by 
n=J+%+ 2mg. (2) 
The seniority, v, which is the number of unpaired fermions, 
is clearly 
ven-2(a+mg) = 43+ - 2a. (3) 
The operators ajm and ajm = (-)3-% Aj,-m form a 


quasispin doublet,ie 


r 1 ~ 1 ~ 
| Ro. ajm" | =%8jm" fao: Zsa] = -hajm 
~ > ~ 
a. ym] =0 [2-. 25m ] = Aja 
[e..25n| = ajm a..a5n' | =0. (4) 


The Wigner-Eckart theorem for quasispin implies that the 
matrix elements of these operators are proportional to SU(2) 
Clebsch-Gordan coefficients. Thus 


(n(v)aJM | ajm I n-1(v-1)03'M ) 


> (9-4, m4 4.4 I amg) 


(v(v)aJMi * 1 v-1(v-1)a’ J’ M ) 
(q+4,-q-4 4,41 a-a) rg 


J Ziro nT (v(v) asm! * |v-1(v-1)a' J”M ) 
= Vvivjad = = a . 
23 + 3-2v ajm v v 


Application of the Wigner-Eckart theorem [6} for angular 


momentum then gives immediately 
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(n(v)aJll aj” II n-1(v-1)a7 9” ) 


2]j+3-n-v a 
a ~ (vv a II aj II vV-1(V-1)a7 a). (5) 
23 + 3- 2v 


Similarly 


(n(v)aJM l ajm I n-i (v+1)a J’ mM’ ) 


n=v - 
- z (v+2(v)aJMlajn I v-1(v-1)a' I” M ) 


M 
- ATENA 2 (v(v)aJM | [a-.asa' |! v-i(v-1)u” J’ M’ ). 
2] +1 -2v 


Now, using (4) and applying the Wigner-Eckart theorem, we 
find 


(niva il ay” II n-i(v=1)a"J' ) (6) 


f (23 + i)(n=-v) ` 
-(-)1*37-3 SL (ven dven vat at I aj” M v(V)a3). 
+ + - Vv 


For bosons, with integer angular momentum jJ the 
quasispin operators are defined by equations of the same 
form as (1) with aim and Ajm replaced by the boson creation 
and annihilation operators bimp: Djp-However, because tneee 
obey boson commutation rules 

smsa" | = mm 
the commutators of the Q operators are 
fanran iaar Sfat 
The group generated by these operators is the non-compact 
group SU(1.1).The unitary irreducible representations are 
now of infinite dimension with Imql =9.q+1,q+2,....INn place 


of (2) and (3) for the particle number and seniority we have 
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n=2mg-j3-% 
vz=2q-j-. (7) 
The number of pairs of bosons with J=0 is given by 
mą - 9. Equations (5) and (6) become in this case 


(n(v)aJ Il by” II n-1(v-1)a7 97) 


/ Ditties Jae 1 . 
= VC Ya M JE INST (GEN A JE) (8) 
(oe sa ira! es T 
and 


(n(v)as ll by” Iln-1(v+1)a'J') (9) 


Cn VC 2IF 410 Jbi=J = 
= 72100 >) zau WAPNA vel (vEPJIAGIEMIGJAI v(%)a3)? 
(23 + 2v + 1)(2J + 1) 


3.Recursion Relation 
In order to deduce a recursion relation for the 
unknown factors in equations (5) and (6), we consider a 
state of v fermions constructed by adding a fermion to a 


parent state of v-1 fermione and seniority v- 1. viz. 


l| (v-1) aJ}. J; y JM> 


= > (JąM1.dmi JM) ajm | V-1(V-1) a1J4M;> (10a) 
M; .m 

"X Iv(v' Ja IM>(v(v' Ja J1 ag” II v-1(v-1)aq J1). (10b) 
aa 


The extra particle has been vector coupled to the parent 
state to give definite J.Equation (10b) is obtained by 
intrdueipz a complete set of states of v fermions. and 
applying the Wigner-Eckart theorem.It should be noted that 
the summation over v” in (10b) has only two terms with 


v* =v and v- 2.Now using (10a) and (10b) we obtain the 
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scalar product 
((v-1)aq” 39% 133v IMI (v-1)ay Ją .33V JM) 


in two different forms, 


Yo (v(v')ajll aj” II v-1(v-2 04d.) (vv? Jar ag” II v-1(v-1)ay' Ją”) 
v.a 


ee, J JoJ 
= 6(31.347 0601,04”) + (-331* Nta ata 31). | 5 a} 
J EJ Ją” 
2.22 
„(v-1(v-1)aqJyil aj” I v-2(V-2)x2J2) 


|. (v-1(v-1)a7Jq7 Il ag” U v-2(v-2)a2J2) , (11) 


Finally the term on the left nand side of equation (11) 
corresponding to v’? =v -2 ie expressed in terme of the 
grandparent to parent (ie. v-2 to v-1) parentage 
coefficients using (6) and transferred to the right hand 
side of the equation.The result is 

Y waj l az” I v-1(v-1)@431)(v(v)aJ Ii aj” II v-1(V-1)a1' Ją”) 


a 


= 8034.54" )6(%4,047) 


+ (- +H + 
(-731+4./(231*1)(2317*1) .), 


[ (i 34 é. 2(-)¥ 8(3,32) 7 
J2.%2 


3 Ją al_(zi=1)(zde5-2n) J 


«(v-1(v-1)0J, Il ag” II v-2(v-2)a2J2) 
„(v-1(v-1)a17J47 H aj” II v-2(v-2)a232). (12) 
and this is the desired recurrence relation. 
The use of this relation is straightforward.The right 
hand side of equation (12) contains only the grandparent to 
parent coefficients, which are assumed known from the 


previous step of the calculation.The left hand side is 
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rt ip ZZ 
clearly a matrix whose rows and columns are labelled by the 
parents @1,J,. If we aesume that, as is often the case, « is 
redundant this matrix has a single eigenvalue equal to n, 
the remainder all being zero. The parentage coefficients for 
the offspring atate of n fermions are the components of the 
corresponding eigenvector normalised to norm n. In fact, as 
the matrix is factorable they can be obtained together with 
their relative phases from the matrix elements in a single 
row. If however ther are r offspring states distinguished by 
a=1,2,...,r tne matrix will have r eigenvalues equal to n 
and the parentage coefficients are given by r orthogonal 
eigenvectors each with norm n. This procedure defines the 
states | v(v)aJM> to within a unitary transformation, this 
arbitrariness being reflected in the degeneracy of the 
eigenvalues. 


For bosons an analogous derivation leads to 


X (viva ll by” I v-a(v-2 0494) Cv(v aa il by” I v-1(V-1)a4' Ją”) 
a 


= 6(34.347 )6 laz ag ) + (-I%*H/T2)y + 1)(2317 + 1) 


= [Ë J1 Ja] 26(J,J2) ] — 
aż,3ą LV 31’ jl ( 2334)(2n+23-3) 


„(v-1(v-1)a13y H by” H v-2(v-2)a2J2) 
.(v-10v-1)a47Jy7 H by” l v-2(v-2)a2J2). 
4. Application to Fermions 


For v=1 and 2 equation (12) gives immediately 


(1(1)41I aj” N 0(0)0) = 1 and 
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m WEW W EE w, 


(2(2)Jllag” 1l1(1)3) =/2 for J=2,h.6,....,23-1 


= 0 otherwise. (1a) 


For statea of seniority 3 (1>%) equations (12) and (14) now 


give 


P (3(3)aJ l ay” I 2(2)34)(3(3)a3 H ag” Il 2(2)Jy/ ) 


a 
834.54’) + 240231 +1) (2317 D| Ej 4 CAEL WAPŃ 
=z ù + + + SS 
sili 3 i 6 SEM rrycrtj | 


where Jy,Ją” =2,4,6,....23-1. subject to I j~ JI£Jy,Ją”£J3 +4. 
The trace of this matrix must be Jr, where r is the number 


of states of spin J and seniority 3 in the configuration 


13. Thus 
233 3 26(1.3) 
ras XY [a + 20231 + 1) (6 S a zer (16) 
J1=1J-jl 33 31 (43% - 1) 


where J, runs over even values. 
As an example consider the case J = j, so that 


Ją =2,4.6..-.,21-1.Equation (16) gives r=0 for j ad and 


2 
r=1 for j= 2, iland 33, Thus for any of these last three 


j-values equation (12) gives 


4(%j-1) 


(3(3)4 II tuzet 2j-1 -J-> 
= - , (442-1) 


| s J 23-1 
+ 2(hj-1) 
U 


3 245-1, 
4(83-1) (23)! (23-1)! ` 
= ae (17) 
(4j2-1) (4j-2)(43-4)! 
9 


(NB. This expression vanishes for all i <3) The remaining 


coefficients are given by 
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(3(3)4 laj” 11 2(2)J4) 


43 1 
a 2/(33351)(%3-1] ke 7 JACS) Hag? W2(2)24-1) 


2 
P pni ~ (ng2-1) 


Wor JI = za OR tae — 3. (18) 


4. Applicatian to Bosona 

A system of n identical p-bosons (j= 1) has total 
angular momentum given by J=n,.n-2,n-4,...,0 or 1.Thus 
since a state of v=0 has J =0, the only possible J for a 
state of v=2 is 2. Similarly three bosons have J=1ł1 or 3 
and since J= 1 must correspond to v=i1, it follows that 
J =3 corresponds to v=3.It may be inferred that, in general 
Jav for p-bosons.Equatian (13) then leads immediately ta 

(J(3)3 Mb,” WJ-1(J-1)3-1) = wJ. 

Now using (8) and (9) we find the familiar results, 


= J(n+J + 1) 
(n(J)J iba H n-1(J-1)J-1) = jas. 
2J +1 


-3)(3 +1) 
(n(J)3 11 by” I) n-1(3+1)J+i) = KOER MS ZE (19) 
RJ 2J +1 


Tne coe ieena in (19) are closely related to the reduced 
matrix elements of pr between eigenstates of a spherical 
harmonic oscillator. They are also relevant to IBM3 [7], 
which is a version of the IBM involving isovector bosons. In 
this case, J would represent isospin rather than angular 
momentum, 

The case j=2 is of particular interest in relation ta 


the IBM. In this model it is assumed that some low-lying 
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collective statea of nuclei can be represented as states of 
a system of s-bosons (j = 0) and d-bosona (j= 2). 
Calculations in the model are usually performed using the 
seniority basis for the d-bosons. The states are therefore 
defined by IN.n,v,JM>, where N ia the total number of 
bosons, n the number of d-bosons and v the d-boson 
sentority. Specific formulas for the parentage coefficients 
which are important in the “vibrational limit” of the model, 
ie close to the scheme defined above, have been given in 
reference [2] (eg. figure 5).These results are readily given 
by equation (13). Moreover application to transitions 
involving the X” band is straightforward. In this case we 
find,using d” for convenience inatead of b2” 


(v(v) 2v-all a” tl v-1(v-1) 2v-2) = 


/ 2 2v-4 2v-2) 2 1 
(v- 1) 1+ ORA | } - =] (20) 
2 2v-& 2v-2}  (2v+1)(hlv-7) 


and 


(v(v) 2v-b Ila” II v-1(v-1)J5) = 


rf2 2v-8 2v-2\ 2 
(-)9, /(234+1)(av-7) | ee 
Li2 2v-4 Jy (2v+1)(%4v-7)] 


(v-1,(v-1)3y ll a” liv-2, (v-2) 2v-4)2 
"(v(v) zv-u il” II v-1,(v-1)2v-2) 


for Ją = 2v-2,2v-4, 2v-5, 2v-6. (21) 

The results are shown in the figure which provides an 
extension to figure 5 of reference [2] by taking 

Ng =*=v-1.The reduced matrix elements of reference [2] differ 
by a factor of /iv-7 from those of (20) and (21). This 


factor has been included in the figure. 
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| | | | 


409-33(2v-32(4w-3)(4v-7) Węże alah a ZJ 
(2 EDO T CZA) 


[ZZ Oe 20 be 3 atav- tev- Syta _ f atav-3)44v-3340v-7) ` 

42v-3)(2+*1)44v-5) (v-2)42v*1)07v-3)(2v-5) 

3=+2v-2 [DAD ARTE C40) )<2v-3)14w-3)44v-5) 
t2v+1342v-3)44w—%) 


j=2v-4 


j=2ż"-5 


Jez -+ 


Figure. Ređuced matrix elements of a” 


Another of the three dynamical symmetries [8] of the 
IBM, namely the O(6) limit, corresponds to a seniority 
scheme. The relevant group chain 1s 
u(6)20(6)20(5)>0(3) 
and the states are labelled by I N(v)oJM>, where v is the 
O(6) seniority, and the O(5) or d-boson seniority is now 
denoted by o. The parentage coefficients 
(v(v)aj tl a” Il v-1, (v-1)04J4) 
and 


(v(v)aj Il s” ilv-1, (v-1)0J) 
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EE I Iaa O 
can be calculated from a modified form of equation (13). For 
this case the factor (2v +2ļj - 3) in the denominator in (13) 
becomes 2v + 2.The states defined in thia scheme do not have 
definite numbers of d-bosons as the pairs are of the form 
(a.a) - ("8"). However as this expression is invariant 
under O(5) as well as O(6), o remains a good quantum number. 

A similar six-boson problem occurs in IBM4 (9), 
where the bosons have either T=1, S=0 or T2z0, S=1. Here 
T 1s the isospin and S is an intrinsic spin possessed by the 
bosons in addition to their orbital angular momentum of O or 
2. As long as only symmetric orbital states are considered 
the spin-isospin variables can be treated in isolation. In 
this case it is more natural to exploit the well known 
isomorphism between O(6) and SU(4) and write the group chain 
as 

U(6}5 SU(4)> SU(2)7 x SU(2)g. 
Application of equation (13) to this case leads to the SU(4) 


Wigner coefficients given in table A2.1 of reference [10]. 
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STRESZCZENIE 


artyxule dyskutuje się ścieżki rekurency jne między 
sszćłczynzikami genea_ogicznymi « schemacie seniority. TFyzna- 
szona zależność zredukoranych współczynnikór od liczby cząstek 
pozra.a prosto określać elementy macierzore operatorów nisz- 
czenia i rodzenia r układach fermionów bądź bozonów, 


B crate OÓCYRTANTCA DeKYDPeHTHNE COOTHONERKA Mczqy reHeajo= 
PKYECKMKK KOSÓÓWNAOHTALĄ B MOZELA CHHBKODKTU, llonygenuan SaBUCH- 
MOCTB NPMBEĄCHHHX KOJÓCGAUKEHTOB OT 4KCNIa VACTKI nosBanner JIEPKO 
HaXOJĄATB MATDAUHHE 3JIEEATH OmepatTopos pOXACHMA M aHHur 


HIAQUM B 
GepNKOHHHX CHCTEMaX, 


